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Abstract: In this paper, we study localization and mass spectrum of various matter fields

on a family of thick brane configurations in a pure geometric Weyl integrable 5-dimensional

space time, a non-Riemannian modification of 5-dimensional Kaluza-Klein (KK) theory.

We present the shape of the mass-independent potential of the corresponding Schrödinger

problem and obtain the KK modes and mass spectrum, where a special coupling of spinors

and scalars is considered for fermions. It is shown that, for a class of brane configurations,

there exists a continuum gapless spectrum of KK modes with anym2 > 0 for scalars, vectors

and ones of left chiral and right chiral fermions. All of the corresponding massless modes

are found to be normalizable on the branes. However, for a special of brane configuration,

the corresponding effective Schrödinger equations have modified Pöschl-Teller potentials.

These potentials suggest that there exist mass gap and a series of continuous spectrum

starting at positive m2. There are one bound state for spin one vectors, which is just the

normalizable vector zero mode, and two bound KK modes for scalars. The total number

of bound states for spin half fermions is determined by the coupling constant η. In the

case of no coupling (η = 0), there are no any localized fermion KK modes including zero

modes for both left and right chiral fermions. For positive (negative) coupling constant,

the number of bound states of right chiral fermions is one less (more) than that of left

chiral fermions. In both cases (η > 0 and η < 0), only one of the zero modes for left chiral

fermions and right chiral fermions is bound and normalizable.
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1. Introduction

Suggestions that extra dimensions may not be compact [1 – 7] or large [8, 9] can provide new

insights for a solution of gauge hierarchy problem [9] and cosmological constant problem [4,

7, 10]. In the framework of brane scenarios, gravity is free to propagate in all dimensions,

whereas all the matter fields are confined to a 3-brane [9, 4, 6, 11, 12]. In ref. [1], an

alternative scenario of the compactification has been put forward. In the brane world

scenario, an important question is localization of various bulk fields on a brane by a natural

mechanism. It is well known that the massless scalar field [13] and the graviton [1] can be

localized on branes of different types, and that the spin 1 Abelian vector fields can not be

localized on the Randall-Sundrum(RS) brane in five dimensions but can be localized on

some branes in higher dimensions [14]. For spin 1/2 fermions, they do not have normalizable

zero modes in five and six dimensions [13 – 19].

Recently, an increasing interest has focused on study of thick brane scenarios based on

gravity coupled to scalars in higher dimensional space-time [20 – 24]. An interesting feature

of these models is that one can obtain branes naturally without introducing them by hand

in the action of the theory [20]. Furthermore, these scalar fields provide the “material”

from which the thick branes are made of. Thirdly, for the branes with inclusion of scalar

backgrounds [25], localized chiral fermions can be obtained under some conditions.

In this paper, we are interested in the thick branes based on gravity coupled to scalars

in a Weyl integrable manifold [26 – 30]. In this scenario, spacetime structures with pure

geometric thick smooth branes separated in the extra dimension arise. For most of these

branes, there exists a single bound state which represents a stable 4-dimensional graviton

and the spectrum of massive modes of Kaluza-Klein (KK) excitations is continuous without

mass gap [27, 28]. This gives an very important conclusion: the claim that Weylian struc-

tures mimic classically quantum behavior does not constitute a generic feature of these
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geometric manifolds [27]. In ref. [30], it is shown that, for one of these branes, there exist

one massless bound state (the massless 4-dimensional grivaton), one massive KK bound

state and the continuum spectrum of delocalized KK modes. The mass hierarchy problem

and the corrections to Newton’s law in the thin brane limit was considered.

In our previous work [29], we studied localization of various matter fields on some of

these pure geometrical Weyl thick branes. It is shown that, for both scalars and vectors,

there exists a single bound state and a continuum gapless spectrum of massive KK states.

But only the massless mode of scalars is found to be normalizable on the brane. For the

massless fermions localization, there must have some kind of Yukawa coupling. The aim

of the present article is to investigate localization of various matters on one of the pure

geometrical thick branes obtained in refs. [26 – 28]. We will show that, in the brane model,

there exist one and two discrete bound states for scalars and vectors respectively (the

ground states are normalizable massless modes), and a series of continuum massive KK

states for both fields. For spin 1/2 fermions, there are a finite number of bound states

which depend on the coupling constant and only one of the zero modes for left and right

chiral fermions is bound. The paper is organized as follows: In section 2, we first give

a review of the thick brane arising from a pure geometric Weyl integrable 5-dimensional

space time, which is a non-Riemannian modification of 5-dimensional KK theory. Then,

in section 3, we study localization of various matter fields with spin ranging from 0 to 1 on

the pure geometrical thick brane in 5 dimensions by presenting the shape of the potentials

of the corresponding Schröinger equations. Finally, a brief conclusion and discussion are

presented.

2. Review of Weyl thick branes

Let us start with a pure geometrical Weyl action in five dimensions — a non-Riemannian

generalization of KK theory

SW
5 =

∫

MW
5

d5x
√−g

16πG5
e

3

2
ω

[
R+ 3ξ̃(∇ω)2 + 6U(ω)

]
, (2.1)

where MW
5 is a 5-dimensional Weyl-integrable manifold specified by the pair (gMN , ω),

and ω is a Weyl scalar function. The Weylian Ricci tensor is given by RMN = ΓP
MN,P −

ΓP
PM,N + ΓP

MNΓQ
PQ − ΓP

MQΓQ
NP , with ΓP

MN = { P
MN} − 1

2(ω,Mδ
P
N + ω,Nδ

P
M − gMNω

,P ) the

affine connections on MW
5 and { P

MN} the Christoffel symbols. The parameter ξ̃ is a cou-

pling constant, and U(ω) is a self-interaction potential for ω. The Weyl action is of pure

geometrical nature since the scalar field ω enters in the definition of the affine connections of

the Weyl manifold. The line-element which results in a 4-dimensional Poincaré invariance

of the Weyl action (2.1) is assumed as follows

ds25 = e2A(y)ηµνdx
µdxν + dy2, (2.2)

where e2A(y) is the warp factor, and y is the extra coordinate. Solutions can be found

in refs. [26 – 29]. Here, we only reconsider the following one which corresponds to the
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self-interaction potential U = λep ω

e2A(y) =
[
cos

(√
8λp(y − c)

)] 3

2p
, (2.3)

eω =
[
cos

(√
8λp(y − c)

)]− 2

p
. (2.4)

where p = 16ξ̃ − 15, λ and c are arbitrary constants. The solution results in a compact

manifold along the extra dimension with range −π
2 ≤

√
8λp(y − c) ≤ π

2 , and describes a

single Weyl thick brane. For more details, one can refer to refs. [26 – 28, 30].

3. Localization of various matters

Since gravitons can be localized on the Weyl thick brane described in previous section, it

is a pertinent question to ask whether various bulk mater fields such as scalars, spin one

vector fields and spin 1/2 fermions can be localized on the Weyl thick brane by means of

only the gravitational interaction. We will analyzing the spectrums of various mater fields

for the thick brane by present the potential of the corresponding Schrödinger equation.

In order to get mass-independent potential, we will change the metric given in (2.2) to a

conformally flat one

ds25 = e2A
(
ηµνdx

µdxν + dz2
)

(3.1)

by performing the coordinate transformation

dz = e−A(y)dy. (3.2)

3.1 Spin 0 scalar field

Let us first consider the action of a massless real scalar coupled to gravity

S0 = −1

2

∫
d5x

√−g gMN∂MΦ∂NΦ. (3.3)

By considering the conformally flat metric (3.1) the equation of motion which can be

derived from (3.3) is read

(
∂2

z + 3(∂zA)∂z + ηµν∂µ∂ν

)
Φ = 0. (3.4)

Then, by decomposing Φ(x, z) =
∑

n φn(x)χn(z) and demanding φn(x) satisfies the 4-

dimensional massive Klein-Gordon equation (ηµν∂µ∂ν − m2
n)φn(x) = 0, we obtain the

equation for χn(z)

(
∂2

z + 3(∂zA)∂z +m2
n

)
χn(z) = 0. (3.5)

The full 5-dimensional action (3.3) reduces to the standard 4-dimensional action for the

massive scalars, when integrated over the extra dimension under the conditions that the

above equation is satisfied and the following normalization condition is obeyed
∫ ∞

−∞
dz e3Aχm(z)χn(z) = δmn. (3.6)
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By defining χ̃n(z) = e
3

2
Aχn(z), the wave function (3.4) can be recast in the form of a

Schrödinger equation

[
−∂2

z + V0(z)
]
χ̃n(z) = m2

nχ̃n(z), (3.7)

where mn is the mass of the KK excitation and the effective potential is given by

V0(z) =
3

2
∂2

zA+
9

4
(∂zA)2. (3.8)

The potential has the same form as the case of graviton and has been discussed detailedly

in [30]. Here we only give the main results. In order to map the compact y-interval onto

the real z-line, we require that 0 < p ≤ 3/4, which results in that z(y) is a monotonous

function and z → ±∞ when
√

8λp(y−c) → ±π
2 . For 0 < p < 3/4, the limit of the potential

V0(z) is zero when z → ±∞, which results in that the Schrödinger equation (3.7) will have

a continuous spectrum starting at zero and only the massless mode is bound. For the case

p = 3/4, the limit of the potential V0(z) is the finite value V0(∞) = 27λ/2, and one can

invert the coordinate transformation dz = e−A(y)dy: cos[
√

6λ(y− c)] = sech
[√

6λ(z− z0)
]
.

The potential becomes a modified Pöschl-Teller potential

V0(z) =
9λ

2

{
3 − 5 sech2

[√
6λ(z − z0)

]}
. (3.9)

For the potential, there are two bound states (see, e.g., [31]). One is the normalizable

ground state

χ̃0(z) = c0sech
3/2(

√
6λ(z − z0)) (3.10)

with mass m2
0 = 0 (zero-mass state), another is the normalizable exited state

χ̃1(z) = c1 sinh(z)sech3/2(
√

6λ(z − z0)) (3.11)

with mass m2
1 = 12λ. The continuous spectrum start with m2 = 27

2 λ and asymptotically

turn into plane waves, which represent delocalized KK massive scalars. The potential V0

and the mass spectrum are showed in figure 1.

3.2 Spin 1 vector field

Next we turn to spin 1 vector fields. Here we consider the action of U(1) vector fields

S1 = −1

4

∫
d5x

√−ggMNgRSFMRFNS , (3.12)

where FMN = ∂MAN − ∂NAM as usual. From this action and the background geome-

try (3.1), the equation motion is given by

ηµν∂µFν4 = 0, (3.13)

∂µFµν + (∂z + ∂zA)F4ν = 0. (3.14)

We assume that the Aµ are Z2-even and that A4 is Z2-odd with respect to the extra dimen-

sion z, which results in that A4 has no zero mode in the effective 4D theory. Furthermore,
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Figure 1: The shape of the potentials V0 and the mass spectrum m2

n
for scalars for the case

p = 3/4. The parameter is set to λ = 1.

in order to consistent with the gauge invariant equation
∮
dzA4 = 0, we use gauge freedom

to choose A4 = 0. Under these assumption, the action (3.12) is reduced to

S1 = −1

4

∫
d4xdz

(
eAηµληνρFµνFλρ − 2ηµνAµ∂z

(
eA∂zAν

))
. (3.15)

Then, with the decomposition of the vector fieldAµ(x, z) =
∑

n a
(n)
µ (x)ρn(z), and importing

the normalization condition
∫ ∞

−∞
dz eAρm(z)ρn(z) = δmn, (3.16)

the action (3.15) is read

S1 =
∑

n

∫
d4x

(
−1

4
ηµληνρf (n)

µν f
(n)
λρ − 1

2
m2

nη
µνa(n)

µ a(n)
ν

)
, (3.17)

where f
(n)
µν = ∂µa

(n)
ν − ∂νa

(n)
µ is the 4-dimensional field strength tensor, and it has been

required that the ρn(z) satisfies the equation

(∂2
z + (∂zA)∂z +m2

n)ρn(z) = 0. (3.18)

By defining ρ̃n = eA/2ρn, we get the corresponding Schrödinger equation for the vector

field

[
−∂2

z + V1(z)
]
ρ̃n(z) = m2

nρ̃n(z), (3.19)

where the potential is given by

V1(z) =
1

2
∂2

zA+
1

4
(∂zA)2. (3.20)
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The potential can be calculated as a function of y by using the coordinate transforma-

tion (3.2).

V1(z(y)) =
3λ

8p
cos3/2p−2(

√
8λp y)

(
9 sin2(

√
8λp y) − 8p

)
, (3.21)

where we have set c = 0. For 0 < p ≤ 3/4, z(y) is a monotonous function, which implies

that

lim
z→±∞

V1(z) = lim√
8λp y→±π

2

V1(z(y)). (3.22)

This limit is zero for 0 < p < 3/4 and 3λ/2 for p = 3/4. So for the case 0 < p < 3/4, the

Schrödinger equation (3.19) will have a continuous spectrum starting at zero and only the

massless mode is bound. For the case p = 3/4, one can invert the coordinate transformation

dz = e−A(y)dy and explicit form of the potential is turned out to be

V1(z) =
3

2
λ

(
1 − 3sech2(

√
6λ z)

)
. (3.23)

This potential has a minimum (negative value) V1(z = 0) = −3λ at the location of brane

and the asymptotic behavior: V1(z = ±∞) = 3λ/2, which implies that there is a mass gap.

By rescaling u =
√

6λ z, eq. (3.19) turns into the well-known Schrödinger equation with

ν = 1/2 and En = m2
n/6λ− 1/4

[
−∂2

u − ν(ν + 1)sech2(u)
]
ρ̃n = En ρ̃n. (3.24)

For this equation with a modified Pöschl-Teller potential, there is only one bound state,

i.e., the ground state

ρ̃0(z) =
(6λ)1/4

√
π

sech1/2(
√

6λ z) (3.25)

with energy E0 = −ν2 = −1/4, which is just the normalized zero-mass mode and also

shows that there is no tachyonic vector modes. The potential V1 and the mass spectrum

are showed in figure 2. The continuous spectrum start with m2 = 3
2λ and asymptotically

turn into plane waves, which represent delocalized KK massive vectors.

It was shown in the RS model in AdS5 space that a spin 1 vector field is not localized

neither on a brane with positive tension nor on a brane with negative tension so the Dvali-

Shifman mechanism [32] must be considered for the vector field localization [13]. Here, it

is turned out that a vector field can be localized on the thick brane for 0 < p ≤ 3/4 and we

do not need to introduce additional mechanism for the vector field localization in the case

at hand. For both cases of 0 < p < 3/4 and p = 3/4, there is only one bound state which

is the zero-mass mode. While for the latter case p = 3/4, there exist a mass gap between

the ground state and the first exited state.
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Figure 2: The shape of the potentials V1 and the mass spectrum m2

n
for vectors for the case

p = 3/4. The parameter is set to λ = 1.

3.3 Spin 1/2 fermionic field

In this subsection, we will investigate whether spin half fermions can be localized on the

brane. In five dimensions, fermions are four component spinors and their Dirac structure

is described by ΓM = eM
M̄

ΓM̄ with {ΓM ,ΓN} = gMN . In our set-up, ΓM = (e−Aγµ, e−Aγ5),

where γµ and γ5 are the usual flat gamma matrices in the Dirac representation. The Dirac

action of a massless spin 1/2 fermion coupled to gravity and scalar is

S1/2 =

∫
d5x

√−g
(
Ψ̄ΓMDMΨ − ηΨ̄F (ω)Ψ

)
, (3.26)

where the covariant derivative DM is defined as DMΨ = (∂M + 1
4ω

M̄N̄
M ΓM̄ΓN̄ )Ψ with the

spin connection ωM = 1
4ω

M̄N̄
M ΓM̄ΓN̄ . In this paper, M̄ , N̄ , . . . denote the local Lorentz

indices, and ΓM̄ are the flat gamma matrices in five dimensions. In background (3.1), the

non-vanishing components of the spin connection ωM are

ωµ =
1

2
(∂zA)γµγ5. (3.27)

From the Dirac action and the above equation, the equation of motion is given by

{
γµ∂µ + γ5 (∂z + 2∂zA) − η eAF (ω)

}
Ψ = 0, (3.28)

where γµ∂µ is the Dirac operator on the brane.

We are now ready to study the above Dirac equation for 5-dimensional fluctuations,

and write it in terms of 4-dimensional effective fields. Because of the Dirac structure of

the fifth gamma matrix Γ5 = γ5, we expect that left- and right-handed projections of the

four dimensional part to behave differently. Thus, from the equation of motion (3.28), we

will search for the solutions of the general chiral decomposition

Ψ(x, z) =
∑

n

ψLn(x)αLn(z) +
∑

n

ψRn(x)αRn(z), (3.29)

– 7 –
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where ψLn(x) and ψRn(x) are the left-handed and right-handed components of a 4-

dimensional Dirac field, they are a fixed basis and the ψLn and ψRn are dynamical, and the

sum over n can be both discrete and continuous. To obtain the defining equations for the ba-

sis functions ψLn(x) and ψRn(x), we assume that ψL(x) and ψR(x) satisfy the 4-dimensional

massive Dirac equations γµ∂µψLn(x) = mnψRn(x) and γµ∂µψRn(x) = mnψLn(x). Then

αLn(z) and αRn(z) satisfy the following coupled eigenvalue equations

{
∂z + 2∂zA+ η eAF (ω)

}
αLn(z) = mnαRn(z), (3.30a)

{
∂z + 2∂zA− η eAF (ω)

}
αRn(z) = −mnαLn(z). (3.30b)

In order to obtain the standard four dimensional action for the massive chiral fermions,

we need the following orthonormality conditions
∫ ∞

−∞
e4AαLmαRndz = δLRδmn. (3.31)

for αLn and αRn .

By defining α̃Ln = e2AαLn, we get the Schrödinger equation for left chiral fermions

[−∂2
z + VL(z)]α̃Ln = m2

nα̃Ln (3.32)

with the effective potential

VL(z) = e2Aη2F 2(ω) − eAη ∂zF (ω) − (∂zA)eAηF (ω). (3.33)

For localization of left chiral fermions around the brane, the effective potential VL(z) should

have a minimum at the brane. Furthermore, we also demand a symmetry for VL(z) about

the position of the brane. This requires F (ω(z)) to be an odd function of z. Since ω(z) is a

even function, we set F (ω(z)) = e
1

2
p ω(z)∂zω(z) as an example. Here, we face the difficulty

again that for general p we can not solve the function z(y) in an explicit form. But we can

write the potential as a function of y:

VL(z(y)) = ηe2A
(
ηF 2 − ∂yF − F∂yA

)

=
4ηλ

p
cos−2+3/2p(

√
8pλ y)

[
(8η + 3) sin2(

√
8pλ y) − 4p

]
, (3.34)

where we have set c = 0. For 0 < p < 3/4, z(y) is a monotonous function, and this potential

has the asymptotic behavior: VL(z = ±∞) = 0 and VL(z = 0) = −16ηλ. For η > 0, this in

fact is a volcano type potential [33, 34]. This means that the potential provides no mass

gap to separate the fermion zero mode from exited KK modes. The potential for right

chiral fermions can be obtained by the replacement η −→ −η from eq. (3.34). The shape

of the potentials VL and VR for left and right chiral fermions for the case 0 < p < 3/4 is

plotted in figure 3 in y and z coordinates.

Following, we mainly discuss the case p = 3/4, for which one can invert the coordinate

transformation dz = e−A(y)dy and get the explicit form of the potential for left chiral

fermion

VL(z) =
16ηλ

3

[
8η − (8η + 3)sech2(

√
6λ z)

]
.

(
p =

3

4

)
(3.35)
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Figure 3: The shape of the potentials VL and VR for left and right chiral fermions for the case

0 < p < 3/4 in y and z coordinates. The parameters are set to p = 1/2, η = 1 and λ = 1.

For right chiral fermion, the corresponding potential can be written out easily by replacing

η → −η from above equation

VR(z) =
16

3
ηλ

[
8η − (8η − 3)sech2(

√
6λ z)

]
,

(
p =

3

4

)
(3.36)

and the value at y = 0 is given by

VR(0) = −VL(0) = 16ηλ. (3.37)

Both the two potentials have the asymptotic behavior: VL,R(z = ±∞) = 128η2λ/3 > 0.

But for a given coupling constant η, the values of the potentials at z = 0 are opposite. The

shape of the above two potentials is shown in figure 4 for different values of positive η.

For positive η, only the potential for left chiral fermions has a negative value at the

location of the brane, which can trap the left chiral fermion zero mode solved from (3.30a)

by set m0 = 0:

α̃L0 =

[√
6λ Γ(8η

3 + 1
2)

√
π Γ(8η

3 )

] 1

2

cosh− 8η

3 (
√

6λ z). (η > 0) (3.38)

– 9 –



J
H
E
P
0
8
(
2
0
0
8
)
0
4
1

-3 -2 -1 1 2 3
z

-7.5

-5

-2.5

2.5

5

7.5

10
VL

-3 -2 -1 1 2 3
z

-7.5

-5

-2.5

2.5

5

7.5

10
VR
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p = 3/4. The parameters are set to λ = 1, and η = 3/8 for black thin lines, η = 3/8 + 0.1 for black

thick lines and η = 3/8 − 0.1 for gray thick liens.

The zero mode (3.38) represents the lowest energy eigenfunction of the Schrödinger

equation (3.32) since it has no zeros. The general bound states for the potential (3.35)

can be obtained by using the traditional recipe of transforming the stationary Schrödinger

equation into an hypergeometric equation

α̃Ln = cosh1+ 8

3
η(
√

6λ z)
[
dnf1 + gn sinh(

√
6λ z)f2

]
, (3.39)

where dn and gn are normalization constants and f1 and f2 are the hypergeometric functions

f1 = 2F1

(
an, bn;

1

2
;− sinh2(

√
6λ z)

)
,

f2 = 2F1

(
an +

1

2
, bn +

1

2
;
3

2
;− sinh2(

√
6λ z)

)
(3.40)

with the parameters an and bn given by

an =
1

2
(n+ 1) , (3.41)

bn =
8

3
η − 1

2
(n− 1) . (3.42)

The corresponding mass spectrum of the bound states is

m2
n = 2λ(16η − 3n)n.

(
η > 0, n = 0, 1, 2, . . . <

8

3
η

)
(3.43)

It is turned out that the state for n = 0 always belongs to the spectrum of VL(z), which

is just the zero mode with m0 = 0. Since the ground state has the lowest mass square

m2
0 = 0, there is no tachyonic left chiral fermion modes. Suppose NL − 1 is the biggest

possible value of n in (3.43), then the number of bound states for left chiral fermions is

NL. If 0 < η ≤ 3/8, there is just one bound state (NL = 1), i.e., the zero mode, and for
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which we have a0 = 1/2, b0 = 8η/3 + 1/2, d0 6= 0, g0 = 0, the corresponding normalized

wave function turns out to be the zero mode given in (3.38). In order for the left chiral

fermion potential to have at least one bound exited state (NL ≥ 2), the condition η > 3/8

is needed. It is interesting to note that (3.35) is a modified transparent potential (i.e. the

reflexion coefficient is equal to zero) when η = 3k/8 and k = 1, 2, . . . [35]

VL(z) = 6λ

[
k2 − k(k + 1)sech2(

√
6λ z)

]
,

(
η =

3k

8

)
(3.44)

and there are k bound states (NL = k) with mass spectrum m2
n = 6λ(2k − n)n.

In the case η > 0, the potential for right chiral fermions is positive near the location

of the brane, which shows that it can not trap the right chiral zero mode. For the special

value η = 3/8, the potential of right chiral fermions is a positive constant

VR(z) = 6λ. (η = 3/8) (3.45)

For the case 0 < η ≤ 3/8, we have VR(0) ≥ VR(±∞) > 0, which shows that there is

no any bound state for the potential of right chiral fermions. For the case η > 3/8,

0 < VR(0) < VR(±∞), there is a potential barrier which indicates that there may be some

bound states, but none of them is zero mode. The corresponding mass spectrum is

m2
n = 2λ[16η − 3(n + 1)](n + 1). (3.46)(

η >
3

8
, n = 0, 1, 2, . . . <

8

3
η − 1

)

The number of bound states of right chiral fermions NR is one less than that of left chiral

fermions NL, i.e., NR = NL − 1. If 0 < η ≤ 3/8, there is only one left chiral fermion bound

state. If η > 3/8, there are NL(NL ≥ 2) left chiral fermion bound states and NL − 1 right

chiral fermion bound states. The ground state for right chiral fermion is

α̃R0 =

[√
6λ Γ(8η

3 − 1
2 )

√
π Γ(8η

3 − 1)

] 1

2

cosh1− 8η

3 (
√

6λ z),

(
η >

3

8

)
(3.47)

which is not any more zero mode because the mass is decided bym2
0 = 2λ(16η−3) > 6λ > 0.

This conclusion can be seen clearly from the shape of VR in figure (4). When η = 3k/8

and k = 2, 3, . . ., the potential (3.36) is

VR(z) = 6λ

[
k2 − k(k − 1)sech2(

√
6λ z)

]
,

(
η =

3k

8

)
(3.48)

and there are k − 1 bound states (NR = k − 1) with mass spectrum m2
n = 6λ[2k − (n +

1)](n + 1). In figures 5 and 6 we plot the shape of left and right chiral fermions and the

mass spectrum for different values of η. For the case λ = 1, η = 5 × 3
8 , there are 5 bound

states for the left fermions and 4 bound states for the right ones and the mass spectra are

m2
Ln = {0, 54, 96, 126, 144} ∪ [150,∞), (3.49)

m2
Rn = { 54, 96, 126, 144} ∪ [150,∞). (3.50)
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Figure 5: The shape of the potentials VL, VR and the mass spectrum m2

n
for left and right chiral

fermions for the case p = 3/4. The parameters are set to η = 5 × 3/8 and λ = 1.
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Figure 6: The shape of the potentials VL, VR and the mass spectrum m2

n for left and right chiral

fermions for the case p = 3/4. The parameters are set to η = 12 × 3/8 and λ = 1.

For the case λ = 1, η = 12 × 3
8 , there are 12 and 11 bound states for the left and the right

fermions respectively and the mass spectra are

m2
Ln = {0, 138, 264, 378, 480, 570, 648, 714, 768, 810, 840, 858} ∪ [864,∞), (3.51)

m2
Rn = { 138, 264, 378, 480, 570, 648, 714, 768, 810, 840, 858} ∪ [864,∞). (3.52)

But for the case of negative η, things are opposite and only the right chiral zero mode

α̃R0 =

[√
6λ

π

Γ(1
2 − 8η

3 )

Γ(−8η
3 )

] 1

2

cosh
8η

3 (
√

6λ z) (η < 0) (3.53)

can be trapped on the brane. For arbitrary η 6= 0, the two potentials suggest that there

exist mass gap (at least for one of them) and a continuous spectrum of KK modes with

positive m2 > 0 (for both of them), which are same as the cases of scalars and vectors

– 12 –



J
H
E
P
0
8
(
2
0
0
8
)
0
4
1

obtained in the section. It is worth noting that, in the case of no coupling (η = 0), both

the two potentials for left and right chiral fermions are vanish, and hence there are no any

localized fermion KK modes including zero modes.

Localization of fermions in general spacetimes has been studied for example in [25]. In

ref. [36], Melfo et al showed that only one massless chiral mode is localized in double walls

and branes interpolating between different AdS5 spacetimes whenever the wall thickness is

keep finite, while chiral fermionic modes cannot be localized in dS4 walls embedded in a M5

spacetime. Localizing the fermionic degrees of freedom on branes or defects requires us to

introduce other interactions but gravity. Recently, Parameswaran et al studied fluctuations

about axisymmetric warped brane solutions in 6-dimensional minimal gauged supergravity

and proved that, not only gravity, but Standard Model fields could be described by an

effective 4-Dimensional theory [37]. Moreover, there are some other backgrounds such as

gauge field [38], supergravity [39] and vortex background [40, 41] could be considered. The

topological vortex coupled to fermions may result in chiral fermion zero modes [42]. More

recently, Volkas et al had extensively analyzed localization mechanisms on a domain wall.

In particular, in ref. [43], they proposed a well-defined model for localizing the SM, or

something close to it, on a domain wall brane.

4. Discussions

In this paper, we have investigated the possibility of localizing various matter fields on a

Weyl thick brane, which also localize the graviton, from the viewpoint of field theory. We

first give a brief review of the type of thick smooth brane configuration in a pure geometric

Weyl integrable 5-dimensional space time. Then, we check localization of various bulk

matter fields on the pure geometrical thick brane and obtain the KK spectrums for the

mass-independent potential of these matter fields. When 0 < p < 3/4, the one dimensional

Schrödinger potentials for scalars, vectors and fermions are similar to the one for gravity

obtained in ref. [30]. They have a finite negative well at the location of the brane and a

finite positive barrier at each side which vanishes asymptotically. It is shown that there

is only one single bound state (zero mode) which is just the lowest energy eigenfunction

of the Schrödinger equation for the three kinds of fields. Since all values of m2 > 0 are

allowed, there also exist a continuum gapless spectrum of KK states with m2 > 0, which

turn asymptotically into continuum plane wave as |z| → ∞ [2, 20, 27, 28]. All of these zero

modes including the one for spin 1 vectors are normalized and bound, so all these matter

fields are localized on the brane.

When p = 3/4, the potentials are the modified Pöschl-Teller potentials. They are also

similar to the case of gravity and have a finite negative well at the location of the brane

and a finite positive barrier at each side which doesn’t vanishes. These potentials suggest

that there exist mass gap and a series of continuous spectrum starting at positive m2. The

discrete KK modes are bound states while the continuous ones are not. For scalars, there

are two bound KK modes, which is just same as the case of gravity. For spin one vectors,

there is only one bound state, which is the zero mode. The total number of bound states

for spin half fermions is determined by the coupling constant η. For positive coupling
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constant, the number of bound states of right chiral fermions is one less than that of left

chiral fermions. If 0 < η ≤ 3/8, there is only one left chiral fermion bound state which is

just the left chiral fermion zero mode. If η > 3/8, there are NL(NL ≥ 2) left chiral fermion

bound states (including zero mode and massive KK modes) and NL−1 right chiral fermion

bound states (only including massive KK modes). For negative coupling constant, we will

get similar results but need to interchange left and right, e.g., there is the localized right

chiral fermion zero mode but not the localized left one. In the case of no coupling (η = 0),

there are no any localized fermion KK modes including zero modes for both left and right

chiral fermions. Hence, for left or right chiral fermions localization, there must be some

kind of coupling. These situations can be compared with the case of the domain wall in the

RS framework [13], where for localization of spin 1/2 field additional localization method

by Jackiw and Rebbi [44] was introduced.
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